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Inconsistent Linear Systems

Key Problem

For A € R™*"™ and b € R™, the system Ax = b is inconsistent if no solution exists
(intersection of hyperplanes is empty).

Goal: Find the “best approximation” to a solution.

New perspective on solving a linear system

Finding a set of coefficients x = (21, ..., z,)” satisfying the system Ax = b is
equivalent to finding a linear combination of the column vectors of A, i.e.,
1A + ..+ 2, A", so that

A 4+ .+ 2, A" =Db.
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Therefore, if the linear system Ax = b cannot be solved exactly, the best we can
do is to find a set of coefficients x = (z1,...,7,) " so that it “almost’ solves the
system, and this can be geometrically translated into the following;:

The distance between the linear combination 1A' + ... + £, A" and b is minimized

Formally, this leads to the concept of least square solution.

Definition (Least Squares Solution)

A vector x € R™ is a least squares solution of Ax = b if:
|Ax — b|| < ||[Ax — b]] VxeR"

(Minimizes the distance from b to the column space of A.)
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Projection onto a Subspace

Definition (Projection of b onto V)

Let V C R™ be a finite-dimensional subspace. The projection of b € R™ onto V/,
denoted projy b, is the unique vector in V' such that:

b —projyb LV (i.e., (b —projib)-v=0vv e V)

Proposition
The least squares solution X of Ax = b satisfies AX = projc(4)b, where C(A) is
the column space of A.
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Normal Equations for Least Squares

Theorem (Normal Equations)

A vector x is a least squares solution of Ax = b if and only if it satisfies:

ATAx = AT

Sketch.

Ax = projoyb < b—Ax L C(A)

< (b — Ax) - Ae; = 0 for all standard basis vectors e;

= AT(b - A%) =0 +—= ATAx = ATb. O

Corollary
If AT A is invertible (columns of A are linearly independent), there is a unique least

squares solution:
x=(ATA)1ATb



Example: Fitting a Line to Data

Example
Find the least squares line y = ma + ¢ for data points (1, 2), (2, 3), (3, 5).

Step 1: Set up the system Ax =b

m
For x = } , we have:
c

11 2
A=12 1|, b= |3
31 5

Ax = b is inconsistent (no line passes through all points).
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Step 2: Compute normal equations

11
r, 1 23 14 6 o [1 23
AA_[IlJ;i_[G 3]’Ab_111

o 3 513

g B {23}
. 10
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Orthogonal and Orthonormal Sets

Definition (Orthogonal Set)

A set of vectors {vi,va,...,vi} C R™ is orthogonal if:
ViV = 0 Vi 7& j
It is orthonormal if additionally ||v;|| = 1 for all .

Proposition

An orthogonal set of nonzero vectors is linearly independent.

Proof.
Suppose c1v] + covg + - - 4+ ¢ vE = 0. Dot both sides with v;:

¢i(vi-vi)) =0 = ¢ =0 (sincev;#0 = v;-v; >0)

SUFE
psvre |



Corollary

An orthogonal set of k nonzero vectors in R™ is a basis for its span (dimension k).
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Projection Formula for Orthogonal Bases

Theorem

Let {v1,va,..., v} be an orthogonal basis for V' C R™. For any b € R™:

If the basis is orthonormal (||v;|| = 1), this simplifies to:

k
projyb =Y (b vi)v;
i=1
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Idea.
Write projyb = ci1vy + -+ + ¢ vg. Dot with v;:

. b-v;
(projyb) - vj = ¢j(v; vj) = ¢ = W
J

(Since b — projy'b L v;, so b-v; = (projyb) - v;.) O
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Theorem (Gram-Schmidt process)

Given a basis {v1,...,vi} for an inner product space V, we obtain an orthogonal
basis {w1, ..., wi} for V as follows:

W1 =Vi1
V2 W1

W9 = Vo — WWI

and, assuming w1, ..., w; have been defined,

Vitl W1 Vit1 - W2 Vitl W
Wi+l = Vjt1 — Wi — 2 j
! ! w1l 2 [w | 2 w7
Wy, = Vi Vg - W1 Vi W2W2 Vi - Wg—1 _
[[w1l 2 [w |2 W1l 2
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Example
Let vi = (1,1,1,1) T, vy = (3,1,—1,1) T and v3 = (1,1, 3,3). Use Gram-Schmit
process to give an orthogonal basis for V' = Span(vi,va,v3) C R*. We can take

W1 =V] = (1717 17 1)7

Vo - W1
= - =(2,0,—-2.0
W2 = Vo - W (2,0,-2,0)
V3 - W1 V3 - W29
=v3 — — =(0,-1,0,1

We can furthermore make them a orthonormal basis by normalization with respect
to norms.
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Example: Projection with Orthogonal Basis

Example

Let V = Span{vy, va} where vi = (1,1,0), vo = (1, —1,2) (orthogonal). Compute
projy b for b = (3,1,4).

Step 1: Verify orthogonality
vi-ve = (1)(1) + (1)(—1) 4+ (0)(2) = 0 (orthogonal).
Step 2: Compute coefficients

[vi|? =124+ 124+0*=2, b-v;=3(1)+1(1)+4(0) =4
[vol? =124+ (=1)2 422 =6, b-vo=3(1)+1(—1)+4(2) =10

Step 3: Apply projection formula

4 10 5 11 1
ivb=—vi+ —vo=2(1,1,0) + o(1,-1,2) = [ —, =
projy 2V1+ 6V2 (’ ) )+3(7 ) ) <3a37

B

)



Orthogonal Complements and Projections

Definition (Orthogonal Complement)

For a subspace V' C R", its orthogonal complement is:

Vi={xeR"|x-v=0¥ eV}

Theorem (Direct Sum Decomposition)

For any subspace V' C R"™:
R'=VaVt

Every vector x € R™ has a unique decomposition:
X = projyX + projy 1x

where proji,x € V and projy.x = X — projyx € V=+.

Corollary

(VHL =V and dimV + dim V+ = n.



Orthogonality of Fundamental Subspaces
Recall the four fundamental subspaces of A € R™*": 1. Column space C(A) C R™
2. Nullspace N(A) C R™ 3. Row space R(A) = C(AT) C R™ 4. Left nullspace
N(AT) c R™
Theorem (Orthogonality Relations)

N(A) = R(A)* and N(AT)=C(A)*
(AT)YY and R(A) = N(A)*

Q
=
[
=

Sketch for N(A) = R(A)*.
x € N(A) <= Ax =0 <= each row of A is orthogonal to x <—= x L
R(A). O
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Linear Transformations: Recap

Definition (Linear Transformation)

A function T': R" — R™ is linear if: 1. T(x+y) =T(x) + T (y) for all x,y € R"

2. T(cx) = I'(x) for all x € R” and ¢ € R

Proposition

Every linear transformation 7' : R™ — R™ can be written as T'(x) = Ax for a

unique m x n matrix A (called the standard matriz of T').

Standard Matrix Construction
Let E = {ej,es,...,e,} be the standard basis of R"™. Then:

For any x = z1€1 + -+ - + xzpe,, T(x) = 21T (e1) + - - - + 2,1 (e,) = Ax.

SUFE



Example: Standard Matrix of Rotation

Example
Find the standard matrix of T : R?> — R?, rotation by 6 counterclockwise.

Step 1: Compute T'(e1) and T'(eq)
- Standard basis: e; = (1,0), e2 = (0,1) - Rotation of e;: T'(e1) = (cosf,sinf) -
Rotation of ey: T'(e2) = (—sinf, cos @)

Step 2: Construct the standard matrix

715 — [cos& —sin 9]

sinf cosf

Verify: For x = (z1,x2),

cosf —sin 9] [3:1

sinf  cosf 1‘2] = (x1cosf — xasinf, zq sinf + x4 cos )

e = |

(Matches geometric rotation formula.)



Matrix of T' with Respect to a Basis B

Definition (Matrix of T: V — V w.r.t. B)

Let V' be finite-dimensional, B = {v1,va,...,v,} an ordered basis for V, and
T :V — V linear. Define a;; by:

T(Vj) = a;jVvi + a2;Vva 4+ -+ AnjVn

The matriz of T with respect to B is:

where [w]p is the coordinate vector of w w.r.t. B.
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Proposition (Coordinate Transformation)

For any v € V:
[T(v)]s = [T]5[v]B

Sketch.
Write v =c1vi + -+ + ¢ vy, Then



Example: Matrix of Projection w.r.t. Orthogonal Basis

Example
Let T : R? — R? be projection onto the line y = x. Let B = {v1,va} where
vi = (1,1) (along line), vo = (1, —1) (perpendicular). Find [T]5.

Step 1: Compute T'(vy) and T'(vs)

- vy is on the line: T'(vi) = vy =1-vy 4+ 0-va - vo is perpendicular to the line:
T(Vg) :0:0'V1+0'V2

l ("r ) — l v —
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Step 3: Construct [T']p

[T]p = [(1) 8]

(Diagonal! Orthogonal bases simplify matrix representations.)

SUFE



Change of Basis w.r.t. standard basis

Proposition

Let T : R™ — R™ be a linear transformation with standard matrix [T]g. Let

B ={vi,...,v,} be an ordered basis for R" and let [T'|p be the matrix for T with
respect to B. Let P be the n x n matrix whose columns are given by the vectors

Vi,...,Vn. Then we have
[T|gP = P[T]p.

We call P the change of basis matriz from the standard basis to the basis B.

Proof
Recall the matrix of T w.r.t. B is

T(Vl) = ai11V1 + a1V + ... + n1vpy = [Vl, ...,Vn] [T]]lg

T(vp) = a1n V1 + a2, Ve + oo + GV = [V1, ., Vi [T



On the other hand, each vq, ..., v, can be expressed as a linear combination of the
standard basis,

V1 = [el, ...,en] Pl

v, = [e1,...,e,] P"
Thus, the linear transformation 7" acting on B has another expression:

T(Vl) = T(p11e1 + ... +pn1en) = pllT(el) + ... —i—pan(en) = [T(el), ...,T(en))] p!

T(vy) =T (pine1 + ... + panen) = pinT(e1) + ... + T (en) = [T(e1), ..., T(en))] P"

Then we complete the proof:

PITVy = (1,0 Vo] [T = [T(e1), s T(ea)| P = [T)pP" foralli =1,..m



Change-of-Basis Matrix

Definition (Change-of-Basis Matrix)

Let B ={vy,...,v,} (old basis) and B’ = {v/,...,v]} (new basis) for V. The

change-of-basis matriz P = [I]5 (from B to B’) has columns [vilB:

P

I
<
==
s}
<
7
o
<
3=
o

Proposition (Coordinate Transformation)
For any v e V:
Vg = P~'[vls

( P is invertible because B’ is a basis.)
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Corollary (Standard Basis Special Case)

If B = F (standard basis), then P = [v{ v}, ... v}] (columns are B’ vectors).
For v € R™:
[V]p = P lv

SUFE



Change-of-Basis Formula for T

Theorem (General Change-of-Basis Formula)

Let T : V — V be linear, B, B’ ordered bases for V, and P = [[ ]g/ (change-of-basis
from B to B’). Then:

Proof.
For any ve V:

Since this holds for all v, we have [T|p = P~[T]|gP. O



Definition (Similar Matrices)

Two n X n matrices A and B are similar if there exists an invertible P such that
B =P 'AP.

Corollary

Matrices representing the same linear transformation (w.r.t. different bases) are
similar.

SUFE



Example (Change-of-basis for rotation)
Let T : R? — R? be rotation by 90° (standard matrix [T]g = [(1) _01] ). Let

B = {vi,va} where vi = (1,1), vo = (1,—1). Find [T]5.
Step 1: Construct change-of-basis matrix P (from F to B)

P=fv v =}

Step 2: Compute P!
pi_ L [-1 -1 _ -1 -1 [z 12
detP |-1 1] —2|-1 1 1/2 —1/2
Step 3: Apply change-of-basis formula

A | S R

SUFE



Diagonalization: Motivating Application

Definition (Diagonalizable Matrix)

A matrix A is diagonalizable if it is similar to a diagonal matrix D:

D = P 1AP for some invertible P

Proposition
T:V — V is diagonalizable (has a diagonal matrix representation) if and only if V'
has a basis of eigenvectors of T' (vectors v # 0 with T'(v) = Av for some scalar \).

Why Diagonalization Matters
- Simplifies matrix powers: DF = P~1AFP — A* = PD*P~1 - Reveals
geometric behavior of T' (eigenvectors are invariant under 7") - Key for applications

(differential equations, data analysis, etc.)



Abstract Vector Spaces

Definition (Abstract Vector Space)
A set V over R is a vector space if it has two operations: 1. Addition: V xV — V

(commutativity, associativity, identity, inverses) 2. Scalar multiplication:
R x V — V (distributivity, compatibility, identity)

Examples

- Py: Polynomials of degree < k (e.g., Py = {a + bz + cx? | a,b,c € R}) - Myun:

m x n real matrices - C°(I): Continuous functions on interval I - C°°(I): Infinitely
differentiable functions on I

Definition (Subspace)

A subset W C V is a subspace if it is closed under addition and scalar
multiplication.
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Linear Transformations on Abstract Vector Spaces

Definition (Linear Transformation 7': V' — W)

Let V, W be vector spaces over R. A function T': V — W is linear if: 1.
Tu+v)=T(u)+T(v) forallu,veV 2 T(cv)=cI'(v) forallve Vand ceR

Examples
1. D: P, — P,_4, differentiation:
D(ag + a1z + - - + apz®) = ay + 2a02 + - - - + kaga® 1 2. S: P, — Ppyq,

integration: S(p fo t)dt 3. T : Mayos — R, trace: T ([c Z]) =a+d

Proposition
T is linear <= T(c1vy + cava) = 1 T(v1) + 2T (v2) for all ¢1,¢o € R and
vi,ve € V.
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Kernel and Image of a Linear Transformation

Definition (Kernel (Nullspace) of T')
ker(T) ={veV |T(v)=0w} (Ow is the zero vector of W)
Definition (Image (Range) of T')

image(T) = {w € W | 3v € V such that T(v) = w}

Proposition
ker(T) is a subspace of V, and image(T') is a subspace of W.

SUFE



Examples
1. D: Py, — Py_1: ker(D) = {ao | ap € R} (constant polynomials),

image(D) = Pi_1 2. T : Maxo — R (trace): ker(7T) = { {CCL _ba] }, image(7T) =R

SUFE



Rank-Nullity Theorem

Theorem (Rank-Nullity Theorem )
Let V be finite-dimensional, and T': V' — W linear. Then:

dimker(7T") + dimimage(7") = dim V'

where:
» dimker(T") = nullity of T
» dimimage(T) = rank of T

SUFE



Sketch.

Let B ={vi,...,vi} be a basis for ker(T"), extend to a basis

B ={vi,...,VE, Vit1,...,Vn} of V. Show C = {T(vi41),...,T(vy,)} is a basis
for image(T"). Then:

dimker(T) =k, dimimage(T)=n—k = k+(n—k)=n=dimV

Corollary
If dim V' = dim W (finite-dimensional), then T is bijective <= ker(T) = {0}
<= image(T) =W.

SUFE



Example: Rank-Nullity Theorem
Example
Let T': Py — P, be differentiation: T'(p) = p’. Verify Rank-Nullity.
Step 1: Compute dim V'
P3 = {a + bz + cx? + dz?} has basis {1, 2,22 23}, so dimV = 4.
Step 2: Compute dim ker(7")
ker(T) ={p € P3| p =0} = {a | a € R} (constants). Basis {1}, so dimker(T") = 1.
Step 3: Compute dim image(7T)

image(T) = {p' | p € P3} = {b+ 2cx + 3dx?} = P,. Basis {1,z, 2%}, so
dim image(T") = 3.

Step 4: Verify Rank-Nullity

dimker(7) + dimimage(T) =1+3 =4 =dimV



Matrix of T: V — W (Abstract Spaces)

Definition (Matrix of 7" w.r.t. Bases B and C)

Let V (dim n) have basis B = {v1,...,v,}, W (dim m) have basis
C={wi,...,wp},and T': V — W linear. For each v;, write:

T(vj) = a1jw1 + a2jwa + - -+ + amjWp,

The matriz of T with respect to B and C' is:

all a2 e Al1n

any a9 e aon
Tlpc =

Qmj Am2 ... Omn
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Proposition

For any ve V:
[T(v)lc = [TBclvls

Corollary
If V=W and B = C, this reduces to the earlier definition [T'(v)]p

I
=
=
=
By
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Example: Matrix of Differentiation D : P, — P,

Example
Let D(p) = p/, V = P (basis B = {1,z,2%}), W = P, (basis C = {1,z}). Find
[Dls.c-

Step 1: Compute T'(v;) for B
-D(1)=0=0-140-2-D(x)=1=1-1+0-2-D(@*)=22=0-1+2 2

Step 2: Find [T'(v))]c

SUFE



Step 3: Construct [D]p ¢

SUFE



Key Concepts Summary

Least Squares Solutions: Minimize ||Ax — b||, solve AT Ax = ATb
Orthogonal Bases: Simplify projections (projyb = > Ht",'%vi)

Matrix of 7' w.r.t. a Basis: [T|p encodes T via coordinate vectors

Ll

Change-of-Basis Formula: [T]p = P~![T]|gP (similar matrices)
Abstract Linear Transformations: Extend to Py, M,xn, CO(I), etc.
Rank-Nullity Theorem: dimker(7") + dimimage(7") = dim V'

Ut

&

Unifying Theme: Linear transformations are best understood via their matriz
representations, which simplify with well-chosen bases (e.g., orthogonal,
eigenbases).
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