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Geometric Simplex

Given a set {ag, ...,a,} of points of R?, this set is said to be geometrically
independent if for any real scalars t;, the equations

Zn:tizo and Zn:tiaizo
=0 1=0

imply that
to=1] = ... = t, = 0.

Easy to verify that in general {ag, ..., a,} is geometrically independent if and only
if the vectors
alp —ag,...,dp — qQ

are linearly independent in the sense of ordinary linear algebra.




Given a geometrically independent set of points {ay, ..., a,}, we define the n-plane
P spanned by these points to consist of all points x of R? such that

n
X = E t;a,
i=0

for some scalars t; with Y ¢; = 1. The plane P can also be described as the set of
all points x such that

for some scalars tq, ..., t,.




An affine transformation T on R? is a map that is a composition of
translations, i.e., T'(x) = x + p for fixed p, and non-singular linear
transformations, i.e., Ax, det A # 0.

Proposition

If T is an affine transformation, then T preserves geometrically independent sets.
Furthermore, T carries the plane P spanned by ag, ..., a, onto the plane spanned by
Ta(), ceoy Tan.




Definition
Let {ag, ...,a,} be a geometrically independent set in R?. The n-simplex o
spanned by ag, ..., a, is defined to be the set of all points x of R? such that

n
X = E tiai
1=0

where > 7" jt; =1 and ¢; > 0 for all ¢ € [n]. The numbers ¢; are uniquely
determined by x, and they are called the barycentric coordinates of the point x
of o with respect to ag, ..., a,.

The points a; are called vertices of o, the number n is called the dimension.
Any simplex spanned by a subset of {ay, ...,a,} is called a face of 0. The face of o
spanned by aj, ..., a, is called the face opposite ag. The faces of ¢ different from o
itself are called the proper faces of o. Their union is called the boundary of o.




Simplicial complexes in R?

Definition
A simplicial complex K in R? is a collection of simplices in R? such that

» Every face of a simplex of K is in K.

» The intersection of any two simplexes of K is a face of each of them.

Definition

If L is a subcollection of K that contains all faces of its elements, then L is a
simplicial complex in its own rights; it is called a subcomplex of K. One
subcomplex of K is the collection of all simplicies of K of dimension at most p; it
is called the p-skeleton of K and is denoted KP. Let |K| be the subset of R? that
is the union of the simplices of K. The space | K| is called theunderlying space
of K




Definition

If v is a vertex of K, the star of v in K, denoted by St(v), is the union of the
interiors of those simplices of K that have v as a vertex. Its closure, denoted
St(v), is called the closed star of v in K. It is the union of all simplices of K
having v as a vertex, and is the polytope of a subcomplex of K. The link of v is

defined to be St(v) — St(v), denoted Lk(v).




Fundamental Theorem of Abelian Groups

An abelian group is written additively, 0 denotes the neutral element, and —g
denotes the additive inverse of g. If n is a positive integer, then ng denotes the
n-fold sum g + ... + g, and (—n)g denotes n(—g).

Homomorphisms

If f:G — H is a homomorphism, the kernel of f is the subgroup f~1(0) of g, the
image of f is the subgroup f(G) of H, and the cokernel of f is the quotient group
H/£(G).

The map f is an monomorphism if and only if the kernel of f vanishes, and f is an
epimorphism if and only if the cokernel of f vanishes, in this case, f induces an
isomorphism G /kerf = H.




Free abelian groups
An abelian group g is free if it has a basis, that is if there is a family {gqs }aecs of
elements of G such that each g € G can be written uniquely as a finite sum

g = Znagon

with n, an integer. Uniqueness implies that each element g, has infinite order.

» If each g € G can be written as a finite sum g = ) 1494, but not necessarily
uniquely, we say that the family {gn} generates G.

» If the set {go} is finite, we say that G is finitely generated.

» The number of elements in a basis for G is called the rank of G.




Construct free abelian groups

A specific way of constructing free abelian groups is the following: Given a set S,
define the free abelian group G generated by S to be the set of all functions

¢ : S — Z such that ¢(x) # 0 for only finitely many values of x; Given = € S, there
is a characteristic function ¢, defined by

¢o(y) =0 if y#x, 1 if y=u=.

The functions {¢, }res form a basis for G, for each function ¢ € G can be written
uniquely as a finite sum
¢ = Z Ny P,

where n, = ¢(x) and the summation extends over all x for which ¢(z) # 0.

Abusing notation, we can identify the element x € S with its characteristic
function ¢,, so that the general element of G can be written uniquely as a finite
formal linear combination

o= Z NaZa




Torsion subgroup

Let G be an abelian group, an element g of G has finite order if ng = 0 for some
positive integer n. The set of all elements of finite order in G is a subgroup T of G,
called the torsion subgroup. If T vanishes, we say G is torsion-free. A free abelian
group is necessarily torsion free, but not conversely.

If T consists of only finitely many elements, then the number of elements in T is
called the order of T'. If T has finite order, then each element of T" has finite order,
but not conversely.




Lemma
Let A be a free abelian group of rank n. If B is a subgroup of A, then B is free
abelian of rank r < n.

Proof
Without loss of generality, we can assume that B is a subgroup of the n-fold direct
product Z"™. We construct a basis for B as follows: Let m; : Z™ — Z denote
projection on the i¢th coordinate. For each m < n, let B,, be the subgroup of B
defined by the equation

B,, = BnN(Z™ x0).

That is, By, consists of all x € B such that m;(x) = 0 for ¢ > m. Now the
homomorphism
T By — Z

carries B,, onto a subgroup of Z. If this subgroup is trivial, let x,, = 0; otherwise,
choose x,, € B,, so that its image 7,,(x;,) generates this subgroup.




we claim that the non-zero elements of the set {xi,...,x,} form a basis for B.

» First, we show that for each m, the elements x, ..., X,, generate B,,. For

m = 1, we have
By = BN (Z' x 0).

Then x; is chosen from Bj so that its image 7 (x1) generates the image
subgroup of Z under the projection 71 : B — Z.

» Assume that xp, ..., X;,—1 generate By,_1; let x € B,,. Now 1, (%) = k7 (Xim)
for some integer k. It follows that

Tm (X — kxp) =0,
so that x — kx,, belongs to B;,_1. Then
X — kX = k1X1 4+ oo F b 1Xm—1

by the induction hypothesis. Hence x1, ..., X,, generate B,,.




» To show that {x1,...,X;,} form a basis, it remains to show that the elements
are independent. The result is trivial when m = 1. Suppose it is true for
m — 1. Then we show that if

AMX1F o+ AXm, =0,

then it follows that for each i, A\; = 0 whenever x; # 0.
Applying the map m,,, we have

AT (Xm) = 0.

From this equation, it follows that either A\, = 0 or x,, = 0. Since if A\, # 0,
then 7, (x;,) = 0, which implies x,, = 0. We can now conclude two things:

Am =0 if x,,, # 0,

AMX] F oo F Ap_1Xm—1 = 0.

The induction hypothesis applies to show that for ¢ < m, A\; = 0 whenever x; # 0.



Definition
Let G and G’ be free abelian groups with bases ay, ..., a, and df,...,al,. If
f: G — G’ is a homomorphism, then

m

flag) = Nijaj

i=1

for unique integers A;;. The matrix ();;) is called the matriz of f relative to the
bases for G and G'.




Theorem

Let G and G’ be free abelian groups of ranks n and m. Let f : G — G’ be a
homomorphism. Then there are basis for G and G’ such that, relative to these
bases, the matriz of f has the form

b1 0 i

where b; > 1 and by |bs...|b;.




Fundamental theorem of finitely generated abelian groups

We investigate two main theorems of abelian groups.

Theorem
Let F be a free abelian group. If R is a subgroup of F, then R is also a free abelian
group. If F' has rank n, then R has rank r < n; furthermore, there is a basis
€1,...,en for F and integers tq,...,tx with t; > 1 such that

1. tie1, ..., tpek, €kt1, ---, €r 1S a basis for R.

2. ti|ta|...|tk, that is, t; divides t;y1 for alli.
The integers t1,...,ty are uniquely determined by F' and R, although the basis
€1, ...,en 1S not.




Theorem
Let G be a finitely generated abelian group. Let T be its torsion subgroup.

1. There is a free abelian subgroup H of G having finite rank B such that
G=H@aT.
2. There are finite cyclic group 11, ..., T, where T; has order t; > 1, such that
ti|ta|...|tx and
T=T1¢..01T}.

3. The numbers B and ty, ..., t; are uniquely determined by G.

B is called the betti number of G and the numbers ¢4, ..., {5 are called the torsion
coefficients of G. Note that [ is the rank of the free abelian group G/T.




Homology Groups

Definition

Let o be a simplex. Define two ordering of its vertex set to be equivalent if they
differ from one another by an even permutation. Each of these classes is called an
orientation of o.

If the points vy, ..., vi are independent, we use the symbol
Vg ... Vg

to denote the simplex they span, and use the symbol
[VO, -y VE]

to denote the oriented simplex consisting of the simplex vg...vy and the
equivalence class of the particular ordering (vo, ..., Vi).




Definition
Let K be a simplicial complex. A k-chain on K is a function ¢ from the set of
oriented k-simplices of K to the integers, such that:

» c¢(0) = —c(0’) if o and o’ are opposite orientations of the same simplex.

» ¢(0) = 0 for all but finitely many oriented k-simplices o.

We denote Cp(K) the group of p-chains of K. If ¢ is an oriented simplex, the
elementary chain c corresponding to o is the function defined by

clo)=1

c(o’) = —1 if o’ is the opposite orientation of o,

¢(t) =0 for all other oriented simplices 7.




Lemma
Cp(K) is free abelian, a basis for Cp(K) can be obtained by orienting each
p-simplex and using the corresponding elementary chains as a bastis.

Proof.
(Sketched) Each chain is written as a linear combination of elementary chains:

Cc= E n;o;.

O

Roughly, the group C,(K) can be seen as the "vector space” generated by the set
of p-simplices, with coefficients in Z.




Definition
We define a homomorphism

Op : Cp(K) — Cp_1(K)
called the boundary operator. If o = [vy, ..., v,] is an oriented simplex with
p > 0, we define

P
0p0 = Op[vo, s Vpl = D (=1) [Voy iy Viy oy Vi)
i=0
where v means that the element is deleted from the array.

Check: 0, is well defined and maps a simplex to its boundary in a usual way, i.e.
for oriented 2-simplex.




An important property of the boundary map.

Lemma
apflOap:().
Proof.
Compute
P
817—1817["07 vvp]_Z(_l)Zap—l[VOw-- Vi, ,Vp] (1)
i=0
=) (D)) [ vy, Vs (2)
1<t
+ ) (D) Vs Vg, (3)
7>t

The terms of these two summations cancel in pairs.




Definition
The kernel of
8p : Cp(K) — Cp_l(K>

is called the group of p-cycles and denoted Z,(K). The image of
Opt1: Cpy1(K) = Cp(K)

is called the group of p-boundaries and is denoted B,(K). By the preceding
lemma, each boundary of a p + 1 chain is automatically a p-cycle. That is,
By(K) C Zy(K). We define

Hy(K) = Zp(K)/By(K),

called the pth homology group of K.




Example

The complex K is the figure, whose underlying space is the boundary of a square
with edges e1, 9, e3,e4. The group C1(K) is free abelian of rank 4; any 1-chain ¢
has the form of ) n;e;. Let the vertex labeled as ey, eq : v1, g, €3 : va, €3,€4 : v3,
and ey, e1 : v4. The boundary map 9y on c is

81(2 niei) = Z nialei

€3

wa
<

¢4

T’

ey




where

Orer = O1[va,v1] = v1 — vy (4)
O1eg = O1[v1,v2] = v — 1 (5)
O1ez = 01[v2,v3] = v3 — V2 (6)
O1eq = 01[v3,v4] = v4 — v3 (7)
Then
Z n;01e; = n1d1e1 + na0iea + n3dies + nydiey (8)
= n1(v1 — va) + n2(v2 — v1) + n3(vs — v2) + na(vs — v3) (9)

= (n1 —ng)v1 + (712 — ng)’UQ + (713 — TL4)’U3 + (ng — nl)v4. (10)




This means that ¢ is a 1-cycle, i.e., 0;¢c = 0, if and only if n; = no = ng = ny, we
can conclude that Z;(K) is generated by ej + es + e3 + ey, i.e.,

Z(K) = Z.
Since there are no 2-simplex in K, so By (K) is trivial. Therefore,
Hi(K) = Z1(K)/Bi(K) (11)
= Z1(K)/{0} (12)
= 7Z1(K) (13)
=Z. (14)




We say that a chain ¢ is carried by a subcomplex L of K if ¢ has value 0 on every
simplex that is not in L. And we say that two p-chains ¢ and ¢’ are homologous if

c—c =0p11d
for some p + 1 chain d. In particular, if
C = 8p+1d

, we say that c is homologous to zero.




Persistent Homology

Definition
Let K be a simplicial complex. A filtration of K is a sequence of subcomplexes

Ki<Ky<..<K,=K.

Persistent homology measures how homology elements persist through steps of a
filtration. A filtration of a simplicial complex K can be expressed as a sequence of
natural inclusion:

11,2 12,3 Im—1,m
Ki—>Ky— .. — K,=K.




Given ¢ € {0,1,2...} we can apply homology H,(-) to obtain a sequence of
homology groups connected by linear maps:

Hy (k) "3 H (k) Y g (K = H(K)

Definition
Assume K is simplical complex. Given a filtration

Ki<Ky<..<Kp,=K

of K, the corresponding ¢-dimensional persistent homology groups are images of

the maps
(s,t)s + Ho(Ks) = Hq(Ky)

for all 0 < s <t < m. The corresponding ranks Bg’t = rank(is )« are called
persistent betti numbers.




Questions?




